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“Given an acute angled triangle ABC, construct a point P such that the sum of
the distances from it to the three vertices A, B and C is the minimum possible”

1 Introduction

The above statement is a simple one. A simple task perhaps, one we might
consider setting for a geometry class in secondary school and after a long boring
lesson involving lots of trial and error using a ruler and compass, one student
might be inclined to ask, “but is this any use?”.

This question is a common one for children and a practical one to ask. “How
is this useful to me?”, “When will I ever need this?”. It is not unreasonable
to want to know if what you are learning is actually going to be used in the
future. Well, as it turns out, this seemingly inconsequential problem is very
useful indeed.

This short essay is designed to explore this problem and detail some of the
practical applications of what has come to be known as the Fermat point.

2 Pierre de Fermat

Pierre de Fermat is most famously noted for his work in number theory. In
particular, most will know of his name thanks to his famous last theorem which
remained unproven for over 350 years. It wasn’t until 1995 when an English
mathematician by the name of Andrew Wiles finally managed to construct a
proof.

Fermat’s life is shrouded in mystery. He trained as a lawyer at the University
of Toulouse in France but it is unknown where he learned mathematics. He
subsequently switched to the University of Bourdeaux where he probably worked
as a lawyer. Here he met Jean Beaugrand who propelled Fermat into a large
circle of mathematicians. It is probably here that Fermat began his journey into
fame. [1]

He was now beginning to correspond with the top minds of his day; the likes
of Pascal, Descartes, Galileo, Newton and Torricelli. Fermat would often pose
problems to these people claiming to have already found the solution. Fermat
is often considered the last truly great amateur mathematician. His work as a
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lawyer prevented him from being able to study more mathematics and he would
complain about his lack of time stating, “I am pressured by many worries that
do not leave me much time for other things...”. This is most famously noted in
Fermat’s copy of Arithmetica1 where he stated a claim to the proof of his last
theorem; “I have discovered a truly marvellous proof of this, which this margin
is too narrow to contain.” [4]

Whilst we could take an in depth look at the life of Fermat and his famous
last theorem there is already a vast sea of literature devoted to the topic. Instead
we shall take a closer look at one of his lesser known discoveries, the Fermat
Point. It was in a private letter to Evangelista Torricelli that Fermat proposed
the problem of the Fermat point.

3 Evangelista Torricelli

Evangelista Torricelli (15 October 1608 - 25 October 1647) was born in Faenza,
Romagna (Italy) to parents Gaspare and Caterina Torricelli. Torricelli, the
eldest of three boys was not from a particularly wealthy family so when his
parents realised his talents for problem solving they sent him to his uncle so
that he may have a “sound education”.

Torricelli’s uncle was a Camaldonese monk. He sent Torricelli to a Jesuit
school to study Maths and Philosophy. Upon graduating Torricelli wished to
further his education. He went to learn under Benedetto Castelli. It is believed
that Torricelli did not actually take any of Castelli’s classes as he was unable to
afford tuition, rather it is thought Castelli gave Torricelli private tuition and in
return, Torricelli worked as an assistant. Torricelli would later also teach when
Castelli was travelling.

Torricelli was trained in the classical fields of mathematics, mechanics, hy-
draulics and astronomy. He became fascinated with the works of Galileo and
soon began a correspondence with the famous astronomer. Torricelli became
very interested in astronomy but after Galileo’s trial in 1633, Torricelli shifted
gears to study mathematics that would be far less controversial.

Torricelli would eventually move to Arcetri to live and work as an assistant
for Galileo. His time there, however, was short lived as months later Galileo
would be famously tried and prosecuted. Torricelli would go on to succeed
Galileo as court mathematician for Grand Duke II of Tuscany.

Torricelli is perhaps most famous for the so called Torricelli trumpet which
describes a shape in which a hyperbola is rotated around the y-axis at a fixed
point. Torricelli would show that such a shape would have finite volume despite
having an infinite surface area. Torricelli was also the first to create a sustained
vacuum and went on to invent the barometer - a scientific instrument used to
measure atmospheric pressure.

Torricelli died of typhoid in October 1647. [6]

1J.D.Smith comments that “The rediscovery of Arithmetica through Byzantine sources
greatly aided the renaissance of mathematics in Western Europe and stimulated many math-
ematicians of whom the greatest was Fermat”[3]
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4 The Fermat Point

Definition 1. A Fermat Point is a point in a triangle (with no angle greater
than 120 degrees) such that the sum of the distances from the vertices to the
point is minimal.

There are many possible ways of constructing a Fermat point. Here I will
provide two possible constructions. The first construction - which is provided
by Fermat - is as follows:

• Draw an equilateral triangle on any of the 2 sides of the triangle.

• For each new vertex of the equilateral triangles draw a line from the new
vertex joining to the original triangles opposite vertex.

• The points intersect at the Fermat point.

Figure 1:

Figure 1 represents the construction given by Fermat. It is important to
note that we may choose any two sides of the triangle; that is to say the Fermat
point is unique.

The second construction is that of Torricelli’s and is given as follows.

• On any two sides of the triangle (again, we may note that it doesn’t matter
which two - the point is unique) draw an isosceles triangle with base angles
of 30◦.
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• Now draw circles with radius the length of either of the two equal sides
of the isosceles triangle and with center at the new vertex constructed by
the isosceles triangle.

• The two (or indeed, three) circles should intersect at the Fermat point.

Figure 2:

Figure 2 shows the construction of the Fermat point given by Torricelli. (The
lines drawn from each new vertex to the opposite vertex in the triangle - much
like those given in Figure 1 - are known as Simpson lines.)

In the above paragraphs we have seen 2 simple constructions of a Fermat
point but this only helps us to locate the point. What we would like to have is
a theorem that tells us that the point we have found is indeed the point that
minimizes the total distance between itself and the three vertices of the triangle.
Here, we present such a theorem:

Theorem 2. Let X,Y and Z be the lines joining a point in a triangle to each of
the vertices of the triangle. Let x,y and z be the lengths of these lines respectively.
Then the Fermat point of a triangle is the point within the triangle such that
each of the angles subtended by X,Y and Z are equal and 120 degrees.

Remark 3. The above geometric constructions both satisfy the property given
in Theorem 2

Remark 4. Theorem 2 only works on obtuse triangles. If a triangle has a vertex
with degree 120◦ then the Fermat point is at that vertex. (Proof omitted)
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We will not prove that the above geometric constructions satisfy Theorem
2. Instead we seek a proof using optimisation techniques. The reason for this
is that by using optimisation techniques we can readily extend the proof to
consider more dimensions.

First, recall the law of cosines which states that for a triangle with vertices A,
B and C, and angles α, β and γ respectively then c2 = a2 + b2−2ab cos γ where
a = |BC|, b = |AB| and c = |AB|. Similarly, we also have, a2 = b2+c2−2bc cosα
and b2 = a2 + c2 − 2ac cosβ. This will provide us with necessary boundary
conditions.

Proposition 5. Consider the optimization problem

maximise f(x,y),
subject to g(x,y) = c

Suppose f and g are both continuously differentiable. We introduce the La-
grange multiplier, λ , and define the Lagrange function as follows:

Λ(x, y, λ) = f(x, y) + λ(g(x, y)− c)

Then to find the maximum of the function f(x, y) we seek solutions of the
form ∇x,y,λΛ(x, y, λ) = 0. Note that ∇λΛ(x, y, λ) = 0 implies g(x, y) = c.

The above proposition if known as the method of Lagrange multipliers2.
We will use this method to find a necessary condition for the existence and
uniqueness of the Fermat point.

Proof. Let the angle subtended by X and Y equal α and the angle between Y
and Z equal β. Then the angle between X and Z will be given by 2π − β − α.

Also let the side of the triangle between X and Y be denoted by a, the side
between Y and Z be denoted by b and the line between X and Z be denoted
by c.

Then we seek to minimize the function x+ y + z subject to

a2 = x2 + y2 − 2xy cosα
b2 = y2 + z2 − 2yz cosβ

c2 = z2 + x2 − 2xz cos(2π − α− β)

Then the Lagrangian function is given by:

Λ(x, y, z, α, β, λ1, λ2, λ3) = x+ y + z + λ1(x2 + y2 − 2xy cosα− a2) + λ2(y2 +
z2 − 2yz cosβ − b2) + λ3(x2 + z2 − 2xz cos(α+ β)− c2)

2The method of Lagrange multipliers takes its namesake from the Italian born mathemati-
cian and astronomer Joseph-Louis Lagrange (25 January 1736 - 10 April 1813). Lagrange was
a prolific mathematician making major contributions to all fields of analysis, number theory
and classical and celestial mechanics. His name is one of seventy two written on the Eiffel
tower of Paris.
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As we are looking for optimality conditions on alpha and beta then we must
look for solutions of the form ∇x,y,z,α,βΛ(x, y, z, α, β, λ1, λ2, λ3) = 0. This yields
the system of equations;

∇xΛ = 1 + λ1(2x− 2y cosα) + λ3(2x− 2z cos(α+ β) = 0 (1)

∇yΛ = 1 + λ1(2y − 2x cosα) + λ2(2y − 2z cos(β) = 0 (2)

∇zΛ = 1 + λ2(2z − 2y cosβ) + λ3(2z − 2x cos(α+ β) = 0 (3)

∇αΛ = λ1y sinα+ λ3z sin(α+ β) = 0 (4)

∇βΛ = λ2y sinβ + λ3x sin(α+ β) = 0 (5)

We wish to solve for α and β as finding these will provide an optimal con-
dition for the Fermat point. The algebraic manipulations here are omitted but
they are of little importance. What is important is the next set of equations
which can be derived from above.

sinα = sinβ (6)

sin(α+ β) = − sinβ (7)

Now, sinα = sinβ ⇒ α = β. Substituting into equation 7 gives sin 2α =
− sinα ⇒ 2 sinα cosα + sinα = 0 ⇒ 2 cosα + 1 = 0 ⇒ α = 120◦ (since
0 < α < 180◦) as required.

Remark 6. This proof can be extended to consider more than 3 points. We can
also consider more dimensions but that is beyond the scope of this paper.

Thus we have proven the existence and uniqueness of the Fermat point. We
now seek practical applications for its use. The first major application we will
look at is called the Steiner tree.

5 Steiner Trees

Definition 7 (Graph). A graph G consists of a set V(G) vertices and a set
E(G) edges which join pairs of edges.

Definition 8 (Tree). A graph is a tree if it is connected and contains no cycles.

Definition 9 (Spanning Tree). A spanning tree of a graph, G is a subgraph of
G that is a tree connecting all the vertices of G.

Definition 10 (Minimum Spanning Tree). A minimum spanning tree is a the
spanning tree of a graph which has shortest length.
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Definition 11 (Steiner Tree). The Steiner tree3 of some subset of the vertices
of a graph G is a minimum-weight connected subgraph of G that includes all the
vertices.

We begin by noting the similarity between this definition and the Fermat
point problem. In the Fermat point problem we considered a triangle. If we let
the vertices of a triangle be a set of a vertices of a graph then the Fermat point
problem is exactly the Steiner tree problem on three vertices.

In general the Steiner tree problem is said to be NP-complete (it is one of
Karp’s original 21 NP-complete problems). That is there is no algorithm that
can solve the problem in polynomial time. In practice, heuristics are used.

We may also compare the Steiner tree problem to the minimum spanning
tree problem. In essence they are the same, the difference being that the Steiner
tree problem allows you to include new vertices in the graph to minimize the
total distance. The new vertices will be given by Fermat points. The largest
ratio between the total length of a minimum spanning tree and a minimum
Steiner tree is called the Steiner ratio and is conjectured to be equal to 2/

√
3.

Below we give an example comparing a minimum spanning tree to a Steiner
tree.

5.1 A Worked example

Consider a set of four nodes (vertices) aligned to that they sit on the corners of
a unit square. In this example these nodes may be data points, network hubs,
docking bays for a transport goods firm, etc. We wish to find a network such
that the sum of all the distances in the network is minimal (for instance, it may
be desirable to use as little cable as possible if we were tasked with connecting
internet lines).

Now first let us consider a naive approach. Say we choose to place a new node
in the middle of the four points, i.e. directly in the middle of the unit square.
We then simply create our network by joining each of our original nodes to the
new node. It is trivial to see that the total distance of the network (amount of
cable used, say) is given by 2

√
2 ≈ 2.828.

Now instead, we shall use Steiner trees to find our network. Our network
now looks like Figure 3. We note that to construct this network the two points
S1 and S2 are Fermat points. Hence, knowing that the angle ∠AS1B = 120◦

and ∠CS2D = 120◦ (by the property of Fermat points) then we can find the
lengths of the paths in the network.

Noting the symmetry in the network we find that

total length of the network= 4 ∗ |AS1|+ |S1S2|.

Using trigonometric identities we find,

3Named after Jakob Steiner (18 March 1976 - 1 April 1863). Steiner was the youngest of 8
children and did not learn to read and write until the age of 14. Steiner laid the foundations for
modern synthetic geometry and is often considered the greatest pure geometer since Apollonus
of Perga.
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Figure 3:
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Figure 4:

|AS1| =
1
2

cos π6
=

1
2√
3
2

=
1√
3

(8)

|S1S2| = 1− 1√
3

2 sin
π

6
= 1− 1√

3
(9)

Now putting this together we find

total length of the network = 4 1√
3

+ (1− 1√
3
) = 1 +

√
3

Thus, 1 +
√

3 ≈ 2.732 < 2.838. Thus the Steiner tree provided the shorter
solution.

6 Geometric Median

The Geometric median gives us another approach to finding an the point which
minimizes the distance between itself and a set of other sample points. Some-
times known as the Fermat-Weber point, the geometric median generalizes the
concept of the median in one-dimensional space
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We note that for a set of 3 points in two-dimensional Euclidean space we ob-
tain the Fermat point. The generalized problem is a standard problem of facility
location and can be applied to minimizing transportation costs, unsupervised
learning, data mining, databases, statistics, etc.

The formal definition for the geometric median is given below.

Definition 12. Geometric median
Given a set of points x1, . . . , xn where xiεRn the geometric median is given

by

arg min
yεRn

n∑
i=1

‖xi − y‖2

where arg min is the value of the argument y which minimizes the given sum.
Note that ‖xi−y‖2 is the 2-norm (or Euclidean norm) in two-dimensional space.
That is ‖xi − y‖2 = (

∑
j

|xi − yj |2)1/2

We note that this is equivalent to the Steiner tree problem. Indeed, the
geometric median for 3 points is given by the Fermat point.

Much like the Steiner problem, it has been shown that there exists no al-
gorithm or explicit formula to compute the geometric median. However, it is
possible to define an iterative method to compute the geometric median. One
such method is known as Weiszfeld’s algorithm and is a form of iteratively re-
weighted least squares and can be expressed as follows:

yi+1 = (
m∑
j=1

xj

‖xj−yi‖ )/(
m∑
j=1

1
‖xj−yi‖ )

7 Further Applications

Although the Fermat point was first conjectured as early as the 16th century
it is noted by Harold W Kuhn that the problem only hit popularity after the
publication of “What is Mathematics?” by Courant and Robbins in the early
19th century. It was not until this point that people began to realise the power
of the problem in practical applications.

Below we consider a few of these modern applications of the Fermat point
and its extensions.

7.1 Multiquarks

In physics a quark is an elementary particle, one of the building blocks that
combine to make protons, neutrons and other hadrons to make atomic nuclei.
Fundamental strings connect quarks to antiquarks (very similar to quarks but
some of its properties have a different sign). In the paper “Iterative methods
to compute the Fermat points and Fermat distances of multiquarks”[9] it is
observed that the multiquark confining potential is proportinal to the sum of
these fundamental strings. The details of this are not very important. What is
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worth noting however, is that the paper explores the idea that the multiquarks
are made up of networks containing Fermat points. This can be more clearly
seen in Figure 7.1

Figure 5:

7.2 Networks

Wireless ad hoc networks[11] are networks consisting of a number of sensors
spread across a certain geographical area. The sensors each have wireless ca-
pabilities and some function to allow signal processing and networking of data.
These types of networks are used for military purposes and surveillance of data
such as traffic control or security for car parks.

It is a natural extension that Steiner trees can be applied to any kind of
networking problem where we wish to seek a minimal length or cost over a
network.

7.3 Data mining

Used in statistics and industry data mining is a way of gathering information
form different digital formats. The geometric median can be applied to aid data
mining. For instance, companies such as Google use these techniques to search
for keywords on web pages.

8 Summary

To draw conclusion to this short essay it is worth looking back on what we
started with and how far we have come. We began with a simple problem, to
find the centre of a triangle under certain conditions. We proved a necessary
condition for the existence and uniqueness of this particular centre. The concept
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and geometry was simple and yet we found it to be very useful in some modern
day problems. We even had a look at generalising our problem so that we may
tackle harder, more complex real world situations.

This approach of starting with a simple problem defines how many mathe-
maticians begin their quests into deeper discoveries. Now that we have explored
just how far a simple problem can reach we are well equipped to inform the in-
quisitive child exactly just how useful mathematics can be.
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